In the neighbourhood of the critical point, the correlation length of the spin-spin correlation function of the two-dimensional Ising model diverges. The correlation function permits a scaling limit in which the separation N between spins goes to infinity, but the scaling variable s = N (1−t)/2 remains fixed, where t is the coupling, and t = 1 the critical point. Previous work has specified these scaling functions (there is one for the critical point being approached from above, and another if approached from below) in terms of transcendents defined by a particular σ-form of the degenerate Painlevé V equation. For the diagonal-diagonal correlation, we characterise the first two leading large N correction terms to the scaling functionsthese occur at orders N −1 and N −2 -in terms of solutions of a second order linear differential equation with coefficients given in terms of these transcendents, and show how they can be computed. We show that the order N −1 is trivial and can be eliminated through appropriate variables so that the leading non-trivial correction is of order N −2 . In this respect our result gives precise and full characterisation of claims made in the earlier literature.
Introduction
The two dimensional Ising model holds a central place in mathematical and theoretical physics as a microscopic model of a ferromagnetic phase transition that allows for exact mathematical analysis. Generally, the theory of statistical mechanics allows for macroscopic properties of physical systems to be computed from knowledge of the microscopic interactions. In the case of the ferromagnetic Ising model on a square lattice, where on each lattice site there is an up or down (classical) spin, the interactions are between nearest neighbours and favour the alignment of spins. In a famous calculation which dates back to the 1940's Onsager [29] derived an exact formula for the free energy in the thermodynamic limit. It exhibits a critical point, which shows itself as a singularity as a function of the dimensionless coupling. In addition Onsager and Kaufman found an exact formula for the spontaneous magnetisation in terms of this coupling. In the early 1950s C.N. Yang [38] gave the derivation for this result, exhibiting the experimentally observable [4] 1/8-th power singularity as the critical temperature is approached from above. The general anisotropic case of the magnetisation was given by Onsager [30] , and later derived by Chang [11] and Potts [33] . A Toeplitz structure for the two-point correlations appears in Eq. (45) of Kaufman and Onsager's 1949 work [22] on the short-range order in the planar Ising model. Subsequently Montroll, Potts and Ward [28] gave a Toeplitz determinant formula for the two-point correlation function in the 1960's. In the case of the diagonal-diagonal two-point correlation, a Toeplitz determinant formula was already known to Onsager, but its derivation was not published; see the historical accounts in [5, 6, 12] . It is the latter which forms the starting point of the present study.
The Toeplitz determinant formula for the diagonal-diagonal two-point correlation of the twodimensional Ising model on a square lattice relates to an N ×N matrix where N is the number of lattice sites that separate the spins. Above and below the critical point the truncated correlation function decays exponentially fast. But the correlation length diverges as the critical point is approached, and this in turn leads to the notion of a scaling limit, in which N goes to infinity, while the product N (1 − t) is fixed, with t the scaled coupling such that t → 1 corresponding to the critical point. Already established mathematical results tell us that the Toeplitz determinant can be expanded as an infinite series known as the form factor expansion [8, 9, 10, 21, 35, 36, 37] . Each term in this expansion is a multiple integral of increasing dimension. The scaling limit of this can be taken term by term, giving the form factor expansion of the scaling limit. On the other hand, another already established mathematical result is that the Toeplitz determinant can be characterised in terms of the solution of a Painlevé VI non-linear differential equation in so called sigma form -a result due to Jimbo and Miwa [19, 20] , with the latter reducing to the degenerate Painlevé V equation in sigma form in the scaling limit.
The scaling regime has been investigated by numerous authors, and in particular we want to focus on the influential and pioneering work of Wu et al [37] , referred to hereafter as WMTB. Their work treated the non-diagonal correlations on the anisotropic lattice so our comparison will just be for a specialisation of this. Their primary result concerned the explicit evaluation of the zeroth order term in the scaling regime with a solution of the third Painlevé equation (equivalent to the degenerate PV), but they did make some observations and claims about the nature of the next correction to this. In the following discussion we are going examine their claims and will assume an anisotropic lattice as well. The following notations are standard, and common to WMTB; for the generating function variables of the partition function
in terms of the couplings between neighbouring spins K j = βE j , j = 1, 2 in the horizontal and vertical directions; and the coefficients of the dispersion relation on the square lattice
The ferromagnetic critical point is given by either of the relations
The deviation of the inverse temperature from the critical value is measured by ∆β := β − β C . The symmetrised spatial separation variable for the correlation s 0,0 s M,N is denoted by R where
The independent variable used by WMTB in the critical regime is denoted here byt wherẽ
In contrast the PVI t-variable, employed throughout our study, has the form T < T C
Performing expansions as ∆β → 0 we note that the WMTB variable and our s := N (1 − t)/2 are related byt
WMTB express the separation of the large distance and scale free dependencies of the pair correlation as a large R expansion
In the summary section WMTB make the claim, see Eq. (2.24), that
where R 1 is given as an algebraic expression of z 1C , z 2C , E 1 , E 2 , which is independent oft. Furthermore this has consequences for the magnetic susceptibility, which has the expansion about the critical point 10) where the ratio of the sub-leading to leading coefficients is
with R 0 given as another expression of z 1C , z 2C , E 1 , E 2 . The question addressed in the present work is to characterise the leading corrections to the scaling limit as the solutions of a differential equation. Such a question was first raised by WMTB, in the more general context of the two-point correlation in general position. It is found in Proposition 1 that the leading corrections -which appear at orders N −1 and N −2 -can be characterised as solutions of linear second order differential equations, which have as their coefficients the Painlevé transcendents characterising the scaling limiting form itself. Equivalently, the leading corrections to the scaling limit can be characterised as coupled differential systems, involving both a particular Painlevé V equation in sigma form, and a second order linear differential equation. This structure has been seen in a number of other recent studies involving Painlevé transcendents characterising finite size corrections [7, 14, 15] .
The characterisation becomes unique once boundary conditions for the equation are specified. This task is carried out for both the small and large values of the scaling variable s using the known series expansions about t = 1 ( §3.3) and a form factor expansion ( §3.2) respectively. The computation of the small s expansion using known series expansions is particularly interesting. It requires a double scaling with the introduction of the scaling variable. As a result, the explicit form of the series expansion solution of the coupled differential equations can be determined up to arbitrary order, subject to the capacity of the computer algebra system used for the purpose ( §3.4 and Appendix A). Using the series form, accurate numerical values of the scaling function and its first two corrections can be made up to sufficiently large values of s that they can be joined up with the large s asymptotic form, without the need to actually make use of the differential equations in this regime. This is carried out in §4. For both the scaling function and its leading corrections accurate numerical values can be computed simply by the extrapolation of values from the Toeplitz determinant for a sequence of values of N , allowing for a numerical validation of our analytic results.
Preliminaries

Some definitions and Onsager's Toeplitz formula
To specify the Ising model in two dimensions, we start with a square lattice of size (2M + 1) × (2M + 1), centred at the origin so that that nodes (i, j) are pairs of integers with −M ≤ i, j ≤ M . On each node of the square lattice, there is an associated spin s i,j ∈ {−1, 1}. The spins interact with their nearest neighbours in the horizontal and vertical directions according to the dimensionless interaction energy
Our interest is in the ferromagnetic case K 1 , K 2 > 0 which for low temperatures favours neighbouring spins to align.
The corresponding partition function is
This occurs in the normalisation of the formula for the probability P ({s i,j } M i,j=−M ) of a particular configuration {s i,j } M i,j=−M ,
The probability in turn occurs in the formula for the infinite lattice spontaneous magnetisation
There is some subtlety in relation to (2.1). With
there is phase transition at k = 1 separating a high temperature phase 0 < k < 1, with zero spontaneous magnetisation, from a low temperature phase k > 1 for which this order parameter is non-zero. The subtlety is that whether this is a positive value, or negative value, depends on the boundary condition: we choose all spins on the boundary to be pointing up, so that the limiting value will be positive. With this convention [38] 
3)
The spin-spin correlation, between the spin s 0,0 at the origin, and the spin s m,n at lattice site (m, n), is for the infinite lattice defined 4) again with the convention that all spins on the boundary are to be pointing up. According to Onsager [5, 6, 12] , in the diagonal case m = n(= N ) 5) where the elements are given as the Fourier coefficients 6) with the weight (here k is given by (2.2))
From [34] we know that as a consequence of the integral representation of the 2 F 1 hypergeometric function
The formulas for a n hold for n ≥ 0, and those for a n hold for n ≥ 1.
Form factor expansion
Introduce the variable
which is always 0 < t < 1 and furthermore write
The so-called form factor expansions [8, 9, 10, 21, 35, 36, 37] are infinite sums involving multiple integrals of increasing dimension, expressing s 0,0 s N,N in a form giving immediate information relating to the small t power series. These read
for T < T C and T > T C respectively. Here
and
For the implied small t expansions we have [18] , [17] , [32] , [35] 
(2.15)
σ function and Painlevé VI
Define the σ-function
where t is specified in terms of k according to (2.10). It was shown by Jimbo and Miwa [19, 20] (see [16] for a different derivation) that σ(t; N ) satisfies the particular σ-form of Painlevé VI (for an account of the latter, see e.g. [13, §8.2])
We should emphasize that our t is the inverse of Jimbo-Miwa's t, that is t = 1/t JM . To be consistent with (2.15) we require the boundary conditions
The two-point correlation at criticality and its large N expansion
It is well known that the Toeplitz determinant (2.5) simplifies when k = 1 [27] . The Fourier coefficients then permit the evaluation a n = 1/(π(n + 1/2)). Use of the Cauchy double alternant determinant (see e.g. [13, Eq. (4.33)]) then allows the Toeplitz determinant to be evaluated to give
Significant for the interpretation of some of our future working is that (2.19) has the large N expansion [27] , or Eq. (5) of [2] for all orders explicitly
where, with ζ (z) the derivative of the Riemann zeta function,
Such an expansion for the non-diagonal correlations has also been given in [2] .
3 Scaling limit about criticality
Scaling variable and scaling function
With t defined as in (2.10), we know that the model is critical for t = 1. To quantify the meaning of this in relation to the diagonal two point correlation function, we note from (2.15) that for t < 1 the latter assumes its limiting value exponentially fast in N . This suggests the introduction of a correlation length ξ ± by setting (see e.g. [25, Eq. (10. 114)])
(here one should interpret √ 2N as the distance from the origin of (N, N ) on the square lattice). As t → 1 − it then follows that
Next, for N large, introduce the scaled lattice position (N, N ) → (n, n) by n = N/(2ξ ± ), and the corresponding distance to the scaled coordinate (n, n) by s = √ 2n. It then follows from (3.2) that as t → 1 − and simultaneously N → ∞ (the scaling limit) that
Our subsequent interest is in the form of the diagonal two point correlation function as a function of s in the scaling limit.
However a significant issue is which scaling variable, s or N/ξ ± , better reflects the true behaviour of the correlation even though either are acceptable and identical at the lowest order. Firstly let us define the diagonal scaling function G ± (t; N ) by
For present purposes existing results in the variable s are most informative. From Eqs. (10) and (11) in [3] we know the diagonal scaling function exactly up to order O(N −2 ):
Here we used the exact diagonal correlation length 1/| ln k| = −2/ ln t. The + sign in G ± indicates T > T C , whereas the − sign refers to T < T C and the upper/lower signs match throughout a formula. Thus we find
, we can find G ± (s) and G (2)± (s) using (3.6) and (3.8), or equivalently, also using (3.7),
and G (2)± (s). With our aim to characterise the leading correction terms to the scaling function, we thus have the significant property that only the even inverse powers in N are independent. Another clue pointing towards this conclusion is that the PVI sigma form only has N 2 as a parameter, and not N . However the symmetry N → −N is broken by the boundary conditions (see (2.18)) which don't have this symmetry, so terms N −odd orders still appear. But what this means is that the coefficients of the N −odd terms are trivially related to the N −even coefficients that appear in higher orders. 
without the derivative term, as there is no change in the argument t.
Form factor expansion for large s
It is well known [25] that the form factor expansions (2.12)-(2.14), apart from the factor (1−t) 1/4 , permit well defined scaling limits, with each term again expressed as a multiple integral with increasing number of dimensions, now depending on s. In particular, in the scaling limit
(3.12)
In the original form factor expansions, successive terms contribute at higher order to the small t expansion; recall (2.15). Now one can check that successive terms contribute at higher order to the large s expansion.
It is furthermore the case that the integrals in (3.12) can be evaluated in terms of K 0 and K 1 Bessel functions. It therefore follows that with (3.5) we have
(3.13)
The derivation of (3.12) from the integrals in (2.12) involves the change of variables x j = 1 − (1 − t)X j = 1 − 2sX j /N . This allows the integrals to be also expanded in a 1/N series, with like powers of 1/N again having the property that successive terms contribute at higher order to the large s expansion. Extending (3.13) we have that for large N
where
For the second-order correction G (2)± (s) in the large s regime we have at high temperature 17) whereas in the low temperature regime
All the relations (3.6)-(3.8), (3.9)-(3.10) also apply to these asymptotic formulae, as (3.15) follows from (3.13) using (3.7) above and applying (3.10), (3.16) becomes indeed (3.17) and (3.18).
In [32] Perk and Au-Yang gave an expansion for the diagonal correlation in the high temperature regime, of the form 19) truncated at values of m = 1, 2, . . ., while defining 20) with computable coefficients p j,s 's. Similarly, there is an expansion for the dual diagonal correlation or equivalently the low temperature diagonal correlation (corrected from the original)
also truncated at values of m = 1, 2, . . ., with the same x, and coefficients p * j,s . The explicit results up to m = 10 are 
Because x diverges in the scaling limit the only way of matching the Perk and Au-Yang expansions with our own is through the large s expansion. This works because in each term of the above expansion the degree of x in the numerator equals the degree of N in the denominators. Expanding (3.22) and (3.23) in a large N expansion up to order N −2 we find that the coefficients of the leading order and the N −1 , N −2 corrections exactly match the large s asymptotics expansions of (3.13), (3.15) and (3.16) respectively in both the high and low temperature cases.
Small s expansion of G ± (t; N )
It is known from [26, Eq. (23) ] that the particular Painlevé VI τ -function possesses a local expansion about t = 1 such that
However, working directly from the Toeplitz form (2.5), and using a combination of numerical and analytic reasoning, a more refined expansion was given earlier in [31, Eq. (4.16), Eq. (4.17)]
Here τ := ∓ 1 2 (t 1/4 − t −1/4 ) according to T > T c (upper sign) or T < T c (lower sign) and ψ(x) is the log-derivative of the Gamma function. The constant factor C N,N (1) has the evaluation (2.19). While (3.25) is not exact because it misses the "leading logarithm" caveat, namely with τ p 2 log p |τ | when log p |τ | first appears, we only require the terms a + bτ log |τ | + cτ arising from p = 0, 1. The τ log |τ | term was first given in [24] . We note that such a general form was proposed in Eq. (2.27) on page 21 of Kong's thesis [23] . The first few terms close to criticality are in (2.67)-(2.78) there, adding the first five |T − T c | log |T − T c | corrections to the T = T c result.
The key result we require here is that each term appearing in the last factor of (3.25) at order τ q has a coefficient which is a polynomial of degree q, i.e. is of order O(N q ) as N → ∞. Following from the introduction of the scaling variable (3.3), two simple facts can be deduced. The first is that 26) and the second is log |τ | = log |s| − log 2N + s N + + 7 8
The latter equation implies that, upon the introduction of (3.3), there are no log N contributions due to the cancellation of − log N with the leading order asymptotics of ψ(N ), and therefore the large N expansion has only algebraic terms in N . Assembling all these to compute N 1/4 C N,N (t) for small s and large N we note:
• Only terms with p = 0 and p = 1 are needed to order O(s 3 ).
• the sub-leading corrections to C N,N (1) are of order O(N −3 ), as seen from (2.20), so we only require the first two orders.
• the same applies to
• the only terms which remain to order O(N −3 ) and O(s 3 ) are those from t ∓1/8 , (N τ ) p 2 and (log |τ | + . . .) p .
Considering these points together, recalling the definitions (3.5) and (2.21) and using the notation γ E for Euler's constant, we obtain for the small s expansion (3.28) for T > T c or T < T c .
Scaling limit of σ(t; N ) function
Recalling the definitions (2.11), (2.16), (3.5) and (3.14) it follows that with the scaling variable s fixed
The equation (3.30) can be solved immediately for G ± 0 (s) to give
And making use of (3.30) in (3.31) allows the latter to be solved for G ± 1 (s),
Here all constants of integration are chosen to be consistent with (3.28). The relations governing G ± 2 (s) are
Recalling the definition (3.5) and associated discussion we note the following relations between the G (2)± and the G ± 2
Moreover, the fact that σ ± (t; N ) satisfies the same σ Painlevé VI equation (2.17) in both regimes allows differential equation characterisations of σ ± 0 (s), σ ± 1 (s) and σ ± 2 (s) to be deduced as a corollary. We will not indicate the high/low temperature regimes for ease of reading. Proposition 1. Introduce the scaling variable (3.3) and suppose that the solution to (2.17) can be written in the form (3.29) . Then the leading order function σ 0 (s) satisfies the particular Painlevé V σ-form 37) and σ 1 (s) satisfies the second order inhomogeneous linear differential equation
Furthermore the second correction σ 2 (s) satisfies the second order inhomogeneous linear differential equation
Proof. We begin with the σ(t; N ) Painlevé VI equation (2.17) and substitute the proposed form
and the scaled variable s = N (1 − t)/2 to replace t. Expanding the first, second and third terms respectively gives
Comparing the coefficients of O(N 2 ) and O(N ) produces (3.37) and (3.38) respectively. Eq. (3.40) with (3.41) follows from taking the above working to the next order.
As a consequence of (3.7) we observe
We now directly verify the claim that σ ± 1 as given above is a solution to Eq. (3.38). If given some functions y 0 (s), y 1 (s) such that y 1 = s 2 y 0 − sy 0 and let
(i.e. the solutions to the equations P 0 (s) = 0 and P 1 (s) = 0 are σ 0 and σ 1 ), it is easy to confirm the relation
We remark that the characterisation of σ 0 (s) by the non-linear equation (3.37) was first obtained by Jimbo and Miwa [19, 20] . Also, making use of (3.28) in (3.32), and (3.34) with (3.35) gives the s → 0 boundary conditions
and σ
The boundary conditions (3.44) and (3.45) suggest seeking series solutions of (3.37) and (3.40) of the form
subject to the initial conditions
Substituting these forms gives recurrences for the unknown coefficients, and these are found to have a unique solution, given (3.46). The −1/64 term in (3.28) does not appear as part of the initial conditions but we will need it later in a subsequent calculation. We find, up to order s 4 ,
and, up to order s 3
From the first of these it follows from (3.32) that up to terms of order s 4 , and withÃ = 2 −1/4 A (recall the definition of A from (2.21)) . From the second we find that up to terms of order s 5 , Of course generating these series to (much) higher order is straightforward using computer algebra software. In Appendix A we record the expansions of G (2)± (s) up to and including order s 15 .
Comparison with numerical data
With N and t varied so that the scaling variable (3.3) is fixed, to be consistent with (3.5) and (3.14) we must be able to expand
On the other hand, numerical values of C N,N (t) for particular N and t can readily be computed from the Toeplitz determinant formula (2.6) using the 2 F 1 form of the entries (2.8) and (2.9). If we fix s, then numerical values of the first three coefficients in (4.1) can be estimated by truncating (4.1) to the first three terms, choosing three distinct (large) N values, and solving for a(s), b(s), c(s). In practice the data appearing in Figures 1, 2 Figure 2 ) agree with our data to the fifth decimal for values 0 < s < 0.6. It can be now observed that there is region of overlap between the large s asymptotics and the small s series expansion of G ± 2 . Combining these results would therefore give the overall picture to the correction term of the correlation function in the scaling limit.
Concluding Remarks
Thus far we have presented four types of evidence for the first non-trivial, large N correction to the diagonal correlations of the square lattice Ising model under scaling at criticality and furthermore given precise characterisations of this correction. We wish to emphasise that each type is actually founded on completely independent logic from the others yet are consistent with each other. To summarise: (due to Lyberg and McCoy [21] ) we have performed a large N expansion combined with the scaling towards criticality. This has yielded a large s expansion in the zeroth order and the first two orders of correction, with exponential suppression of contributions from higher form factors. Consequently one only needs f (1) for T > T C and f (2) for T < T C to obtain the leading orders and we have given explicit evaluations of these.
(c) Employing the expansion for the diagonal correlation for finite N about t = 1, or what amounts to an expansion of a particular τ -function of the PVI system with half-integer monodromy and confluent logarithmic monodromy data, given in (3.25) we deduced small s expansions for the zeroth order and first two corrections in (3.28) . This result furnished more than just the leading term in the small s expansion, and clearly indicates a more interesting exact functional form for the correction. This result was derived in [31] using the Toeplitz determinant form for the correlations and the explicit evaluation of their elements as Gauss hypergeometric functions. We have abbreviated L(s) := L.
